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MATHEMATICAL MODELING OF SHORELINE EVOLUTION

The following changes should be made:

Page 7: u parameter u = X

Page 16: Equation (7) should read:

tan a
= 

0 exp (-u2) - x T~
’ E (U)] , (7)

and the line following equation (7) should read:

where u X 
, and E (u) is the Fresnel integra l ,
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PREFACE

This report is published to provide coastal engineers L ith a litera-
ture survey on mathematical modeling of shoreline evolution , which it P’
hoped w i l l  lead t h e  way in establishing a flexible and practical ni~ierical
me thod suitable for predicting shoreline evolut ion resulting from the
construction of navigation and shore structures . The work ‘a ~ carried out
under the coastal structures program of the Coastal Engineering Research
Center (CLRC).

The report was prepared by Bernard Le Mehaute , senior vice president ,
and M i l l s  Soldate , Tetra Tech , Inc . ,  Pasadena , Cal i fornia , under CERC
Contract No. [)ACW72-7T-C-0002. Funds for the preparation of this litera-
ture review part of the contract were provided by the,U~S. Army Engineer
Ilivision , North Central , Chicago , Illinois.

The authors acknowled ge the assistance of Dr. J.R. F.e g~ cl , CERC , and
Mr. C. Johnson , U.S. Army Eng ineer District , Chicago , in providing a list
of papers on the subj ect matter , along wi th pertinent comments relevant
to the situation in the Great Lakes.

Dr. Weggel was the CERC contract monitor for the report , under the
general supervision of G.M. Watts , Chief , Eng ineering hevclopment Division .

Comments on this publication are invited .

Approved for publication in accordance w ith Public Law 166, 79th
Congress , approved 31 July 1945 , as supplemen ted by Publ ic Law l~’2 ,
88th Congress , approved 7 November 1963.

~~‘bHN U. COUSINS
Colonel , Corps of Engineers
Commander and Director
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cubic i uuches 16. 3~ cubic  cent i m eters

feet 30.48 centimeter. )
0. 3048 meters

square feet 0.0929 :~ i m 1 : i r ~ meters
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t t t i tle

ox hen .ormt:ml ax i s i t  S W I. p;ura l  Id to (initial ) beach i i ~ie

oy hori :i i r m t.ul axis i t  S W I. perpend icular to t t t t -  (initial) beach
profile

I) beach d e p t h  (depth beyond wh i ch ‘ed  I n t e n t  transport is negligible)

wave  ang le wi th beach pro ti ft

wave  ang le with beach p ro fi le at inf i n it y

Q longshore transport (litt o ra l drift ) discharge

K constant = D da
=

0

o parame ter u =

E(u) Fresnel integra l = E(u) = 

~~~~ 
j ~~~ dii

• leng th of groin

time for the beach profile to reach the end of the groin

transform time t~ 
=

B sinusoidal beach ampli tude (at time t = 0)
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by

Bernard Le .~h h ~i u t t  and Mills Sol date

I . I N I ROIflICT iON

This  i n t e r i m  report present s a cr it iczi l I it .r ;i t uiie s u r v e y  on the
suhj  ect of mn a t h e m at  ic;i 1 m o d e l i n g  of shore line L~V0 lut i out . h ope I I I  1 1 > ,
t h i s  r e v i e w  w i l l  lead the way in establishing a flexibl e and i d  ical
numeric al method suitable to pre Jict shoreline evolution , re sulting
from the const ruc t  ion of naviga t ion and shore i r ot  ect  ion - t  r u c t u re s  in
the Great l akes.

To focus attention on the most pertinent literature , th e subj u-ct
under considerat ion is limited to long-term shoreline evolution as
defined below .

Three t ime scales of shoreline e v o l u i t  ion ~an be dist inguished :

(a) Geolog ical evolut ion taking place over centurie s;

(b) long-term evolution from yea r - to -year  or decade; and

(c) short—ternu or seasonal evolut ion and evolution
t a k i n g  p l a c e  d u r i n g  a ma jo r  s torm .

A s s o c i a t e d  w i t h  these  t i m e  s ca l e s  a n  d i s t ; m n c .  or ranges o f  i n f l u -
ence over w h i c h  changes  occur .  The g eo l o g ic  I t i m e  s c a l e  d e a l s , for
ins tance , wi th the entire area of the ( re ;it  lakes . The long- t erm
e v o l u t i o n  dea l s  w i t h  -

~ more limited stretch of s h o r e l i n e  and range of
i n f l u e n c e ; e . g . ,  between two h e a d l a n d s  or b e t w e en  two harbor entrances.
The s h o r t - t e r m  e v o l u t i o n  dea l s  w i t h  t h e  i n t r i c a c i u - s  of the s u r f  :one
c i r c u l ; i t  i on ; e . g .  , summer p r o f i  l e — w  j i l t e r  p r o t i  I c , b a r , r h v t h m i  c bea ch
patterns , etc.

For t he  p r o b l e m  unde r  c o n s i d e ra t i o n , l o n g - t e r m  e v o l u t i o n  i s  o f  pr i -
mary importance , the short-term evolution appearing as a superimposed per-
turba tion on the genera l beach profile. Evolution of the coastline is
characteri:ed by low monotone variations or t rends on which are super-
i mposed short bursts of rapid development associated w i t h  storms .

the primary c a u s e  of long-term evolut ion is w a t e r  waves or w a v e -
generated currents. Three phenomena intervene i n  t he  a c t i o n  w h i c h
w a v e s  h a v e  on shoreline evolution :

(a) Erosion of beach m at  cr1 a I by short per iod seas v e r s u s
accretion by longer period sw ells;
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(b) e ff1-ct of (lake) l e v e l  c h a n g e s  on tno ~ ion ; and

(c) f f1 - ct  of  b r e a k w z l t c m - ~4 , g r o i n s , ami d o t h e r -  structu iru s .

Even thoug h math emat  i cal model i rig of shore I i  ne ev o I Ut ion has i n —
sp i i-ed some rcse;t rch , i t  has reel- i ved onl y limited I t t  e t u t  ion from
pract i c i rig eng m u ee  r~ - The p r e s e n t  nw t l iodo  logy i s based ma i n  lv on

(a ) the local experience of eng ineers who have a deep kno w led ge
of their sec to rs  , understand lit t ova I p i-ocess , and l u ; m ‘~ e an inherent
intui t ion of what should happen ; and

(h) movable—bed scale m odels that i-eq~ i 1 re extensive f i e l d  d a t a
for their calibration .

In the past , theorists have been dealin g ;~ith ideali zed situ ation s ,
r a r e l y  encountered in  eng i n e e r i n g  prac t  i ce .  I t seems t h a t  n a t  ~. -~n i I  iczi l
modelers have long been discouraged by the inherent  complexi ty of t h ~
phenomena encountered in coastal morphology . The l ack of well-accepted
laws of sediment transport , offshore-onshore nuovem -nt , and poor i s , I \ C

ci m ate statistics have made the task of cal ibra t ing m i t  l i e i n ; i t  ic ;il
models veu-v difficult.

(:0115 idering, on one hand , the importance of the sub~ Lc t o f det en-
mining the effect of construction of long groins and navi gation
St m u i c t  un-es and on the other , the progress wit i ch  has been made in
determining wave  climate and littora l drift , it now appears that a
mathematical approach could be useful.

[he comp lexity of beach phenomena could , to a large extent , be
taken into account by means of numerical mathematical scheme , (instead
of in closed-form solutions), dividing space and time intervals into
small elements , in which the inherent complexit y of the morphology
could he taken into account.

Furthermore , better knowled ge of the w a v e  climate , a necessar>- in-
put , w i l l  allow a better c-alibrat ion of coastal constants such as
found in the litto t-a l dr i ft formula.

This study emphasizes the relative importance of various report and
reviews the most impo rtant ones. Conclusions based on this rev i ew are
j)resented , pointing out the deficiencies of the state-of--the-art . (Sub-
sequent investi gators should attempt to bridge the remaining gaps.)

The reports are p resented individual by , primar il y i n  chronological
o rder. I w o milestone developments from this survey ire r epor t s  b
Pc I ma rd—Cons i derc (1956 ) and b y Bakker  ( I  968b I . Others are ext ens i o t i s
and m-e fi nement s , experimental ver i fi cat ions , Support papers , m u m m e r  I c a l
tinocedures , and side issues , including the latest developments on
‘‘Itutok ed beaches’’ or crerlu late — shaped h a s

12



I t .  l i t: I I RS1 ‘IODLI {l’ I.I \ \EIi— ( )\~~I lt l- l~l

( l i t -  idea of ::iut hu -tut at t e al by tormn ulat ing slu or el h u e  ov olut ion is attri-
buted by Bakker (1968a) to Bossen , bu t no reference to Bossen is given .
[he f i  ~ t report w hi c h appears  in  the I I t o n a t  ure , on matluei uua t it -al model—
1mg of s h omIline n o lu t ion , is b y- i’ i - l n a r d — t o u u s i d e r e  ( I~~~~ ) . H i s
theoru-t i c i l  levi- lopments wen -e sub stant ia ted by I ah ot at o r y  exper i ntent ~
made at ~ogl - e ;u } u (Grenohlo- I , France. ilut- i -xpixi ment al results fit the
theou- i-t lea 1 ri-s ti lt -

~ very wel I . It is s u r p m - i sing that such relat ive ly
simple theo i~ has not been more f r e q u e n t  l v  app lied to prototype casts by
the profess ion ( a t  l e a st  as it would appear from t h e  open l i t e r a t u r e ) , a
f : i c t  w h i c h  may be a t t r i b u t e d  t o  t h e lack of knowledge of w a v e  climates .

PcI  n a r d — C o n s  idere  assumed t h a t

(a ) t h e  beach prof  1 1 e rena i n s  S i m i l a r  arid de term i ned by
the equilibrium profi lu- . Th e r e f o u - e , ~t l  1 c o n t o u r  lines are
p a r a l l e l .  This assumpt ion permit s h i m  to consider the prOi)l enu to
be solved for one contour line onl y .

tb ) i he  wave di i-cu t ion is c o n s t a n t  and maki- s a small ang le
with the shoreline ( -~2O °)

(c) Ihe longshore transport , Q , is Ii n e a r b y -  ni-lated t o  the
tangent of the ang le of incidence . ( Q  f (  ~) ,  f H )  = tan ~ ) .

{d) The beach has a fixed t i l l  —defined) depth , I) (F~~. I) -
P is a factor relating erosion retreat to volume removed from
pt ofi le , which could he defined by the threshold velocit y of
sand under w a v e  action . A practical method of determination
of I) is g i v e n  in  Section V iii .

Desp ite the crudeness of these approximations , the Pelnard-Considere
model can be considered as a milestone in d -monstr ating the feasibilit y
of mathematical modeling of long-term shoreline evolut i on . For this
reason , it is juud ged useful to describe in some detail his theoretical
development .

Consider an axis , ox , par~i 1l e 1 to the main coastal direction and
an a x i s , oy perpendicular seawards (Fi g. 2). Ihe angle the deepwater
w a v e  makes with the axis , ox 

‘ 
is The angle of the wave with the

shoreline ~ at any location is assumed to he smal l; therefore ,

—1 av  
~y= - tan —f-- -x - — or - u — - ,  = — . (I)0 -~ X 0 ~ X 0 4 X

(y = f(x ,t) gives the form of the shoreline as function of time t).
The littoral drift Q is a function of ang le incidence 1 and can he
put into a Tay lor series:

13
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Figure 1. Beach depth defini tion .
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Fig ure 2. Successive beach profiles updrif t of a long groin before
bypassing (from LeMehaut e and Brebner , 1961).

14



Q = Q + I = 

— u ) + ( 2 )

i n  wit i ch Q de notes  t he t r zu n spo r t , Q , when t h e ang le  of  the  1% ave
inc idence  i~ ~ . Subst itut ing e q u a t i o n  ( 1 )  i n t o  equat  ion ( 2 )  y i - l  ds

a
- [

~ 
= ~u ] 

~ 
(3)

During the interva l of time , dt , the shoreline recedes (or a c c r e t e s J  by
a quantity dy . Therefore , t h e  volume of sand w h i c h  i s  removed ( o r
deposited ) over a l eng th  of beach , dx , is I) dx dy . Ihe q u a n t i t y  is
equal to the difference of bongshore transport dur ing time , dt , be tween
x and x + dx; i.e.,

Q dt and : and ( Q + ~~~~~ dx dt

i.e.,

dtax

Therefore ,

P dx dy = -
~
-
~~ dxd t , or ~f 

= 

~ 
. (4)

Substituting the expression for Q , cu being small , and defining

K = ~~ 
1 c t = a ~ 

(5)

yield:

2
K~~—~~= - ~f 

(6)
ax

which is the well-known diffusion or heat-flow equation .

K is approximately constant at a given site. Bakker (1968a) found

K equal to 0.4 x io6 cubic meters per meter depth per year , at an exposed
site a long  the coast of the Netherlands . Equation (6) demonstrates that the

ra te of accretion or (erosion) , ~~ , is l inearly rela ted to the curva ture of

‘5
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the  coaSt , the  deri vat i ye of the longshore t r a n sp o r t  r a t e  w i t h re j ect

to the angle of the wave incidence , 

~~~ 
= 

, and I n v u - m s e l v  propo r-

tional to the beach depth , I)

The above equat ion will he recogni :ed as the wi- I 1— known di fti i ~ ion
equation . A number of cla ssical solutions of ntathematica l physics ire
applicable to the diffusion equation when boundary’ c o n d i t i o n s  am- c
specified. Pelnard-Considere (1956) applied his t h e o n -y  to the c a st
a littora l barrier or long groin. Ib is case is reviewed below :

The longshore transport rate along a stra ight , long be ach is sudden-
ly stopped by the construction of a long groin built ~ rpe nd ncula r t o
the beach (see Fig. 2). The boundary- conditions are:

(a) y = o for all x when t = ~ which char:m ctu- m-i:c- s an
initial straight shoreline.

(b) At the groin , the longshorc transport rate Q = o w h i c h  i s
realized when the waves approach the shore normall y ; i.e. , i d a u i

= -tan a at x = o
ax

(c) ay = o at a large distance updrift ( x ‘ I . and Q Q0ax

Q is the steady-state longshore transport along a strai ght beach
for tRe given wave conditions. The solution foil- t h e  given boundary
conditions is:

tan a
y = ~ exp ( u )  - x F (u)] , ( 7 )

where u = 
~~~~~~~ 

, and F (u) is the Fresnel integra l ,

E (u) = —fl-- e
ti 

du . (5)

Va l ues of E (u) or more frequently, ~ (u) = I - l~ ( i i )  , can be found
in tabulated form as given in Table 1:

16

_______________________ —.——— -——“--
~~

-
~~

— - -



_ _ _ _  - -  — —-- ~~
- -

Table 1 . u versus $ (u) .

u 0.1 0.2 0.3 0 - ) 0.5 ( 1 .7 0.9 1. 2 2

0(u) 0 .112 0.223 0.328 0.428 0.520 0.667 0 .796  0.9l() U .9~l~

Fig. 2 illustrates the shoreline evo l ution as defined by equation (5).
It is interest ing tha t  these curves are honmothet ic with respect to t h e
ori gin o ; i.e.,

ott = = 
~~~~ — etc

oB oC’

The horizontal lengths grow with t , and in p~irtic u lar ,

tan
= ° 2 •

A tangent to the shoreline at the groin intersects the initial shoreline

defined by y = o at a point a distance of 2 up d r i f t f r om
the groin.

The ratio of the area of sand accumulation , such as is in oyx
B , to

the area of sand contained in the triangular fillet , oyx , is l .5t and
the distance OX

B 
2.7 ox . This ratio permits rap id assessment of

the total amount of sand accumulated updrift from a sing le measurement
of the angle a , and determination of D as shown in So-ct ion IV.

The end of the groin of length , oy = 2. , is reached when

= t
1 

= ______ 
. (10)

4K t an u
(-)

When t > t
1 , the boundary conditions must he modified since the groin

no longer traps all the sand but bypasses some of it.

If the same theo ry is applied to the beach downdrift of the groin
and if assumed t h a t  the wave diffraction effects ar e  negli g ible , the
beach is eroded in a form symmetric with the updrift accretion.

‘7
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b ’hemu ~ 
= ~ I 

the end of t h e  g r o i n  is reached  by the shoru -  l i n e  amid

sand beg i mis t o  be bypassed around t he groin.

( l i e  boumida i-v comidi t i on  at  t lie g n u  i n  becomes ov = ( cour t a l i t  ) fo m-

t > t . ihe so! t i t  ion t hem i  becomes (I :  i g - 3):

~ iV = .~ 1:1 —— —— ——- 1 •

( h -  curvu - s  r epre sen t  i ng t lit- shore I m e  become h onu oth o -t  ic w i t lt m -es ;ect to

t h e  a x i s  o~~~~~; i . e

AR AC
= -

~~ ~
-
~

-
~
--

~ 
= , e t c.

The a i-ca between the s h o r e l i n e  and  t hit -  O\  : u X j S  ( o y
0

X ~) is g i ~en by:

The area of tr iam gular fill e t , o~- x
0 , is  - -  .

Hence ,

0 
= 2 2 .~~~~

’
~~~~~ 

= ± = 1.27 (12)

0 0

and

ox~ = 2x
0

Ihe shoreline as described by equation 17) at  t i m e t = t
1 

is sli ghtly

different from the shorel ine defined by equation (11 ) at t = t~ as

shown in Fig. 4.

The voiurie of sand defined by 1)0th curves is equal when the time t 1 
of

equation (7) is replaced by the time t~ in equation (11) in such a way
that

= i.e., t~ = 0 . 62t
1 . (13)

18
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Figure 3. Successive beach profiles updrift of a groin after sand
bypassing (from Le Mehau te and Brebner , 1961).

i v

Figure 4. Matching transition between solutions 1 and 2. 
X
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Iher efonL- t l ie -~h o u e  l i n e  evo I vu - s i iii  t i a I I v  as i-u- p u- u- s o- m it  i d  b y equat ion
( 7 ) .  i h u tu , u . h u n  ~ = ~ 1 t h e  shot-e l i n c  keeps e v o l v i n g  as g i v i - u u  b y

e~~i u a t  i on  (11) , is i 1 t h e  t l imit’ were t - 1) . 38t 
1 

ihen , the sed i ment di 5—

c l u a r g o - , Q , h y j ~ i s s  i n g  t h e  g r o i n  i s  equl i l  1 t o  the i ncomi rig di ~L l u ; i  u~~
m i n u s  t h tu -  vo I time of sand wit ichi act - u n t i l  a t  es per tin i t of t i m e .

KD ~= Q — 1/’ ; (II)
0 [ 7 K ( t _ 0 . 3 8 t 1 I

i . e . ,

Q ( t )  = Q 
(1 

- 

tana [ ~K (t-0.38t 1 ) ] 1/ 2  

) 

( I S

or a g a i n

1 0.638 1Q ( t )  = Q0 [1  
- 

[ (t /t 1 
- 0.38
] 

1/2 J .

In dimensionless terms , the following v a l u e s  are obtained for equation
(1t) (see Fi g. 5):

t / t
1 

Q/Q

1 0.189
1.25 0.315

1.5 0.39 7

2 0 .498

3 0.605

1 0.665

5 0.703

It takes a long t ime before the value of Q approaches initial dis-
charge , Q0 , downdrift of the groin. -

20
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The s h o r e l i n e  u u i ; iv  bt- d e J u i L  ed at a u m y -  t inc . t • I .  a hiomumot bet I c t u t u — - —

t o r u t u a t ion ab o u t  t h e  oy- ax  i s  t m - o uuu the knowled ge f t h e  s h o r e l i n e  a t  a
g iv o - ul t i umie , t 2 , amid also by app l y  i mu g the si m p le i- i- I at tonsh ip ( set -  1 - 1 g .  3 ) :

Al) 
— 

AC

~t -  O S S t
l] 

~~~ 
- 

[r 2 
- .38t

1] 
1/2  ( 1 , )

l h e  theo  i-v of Pc 1 na r i— Cons i dere has  been vt -i- i fi ed in laboratory cx —
per i n t e n t s  i~ i th  fa i m - l y  go )d a c c u i u - a i -y . The steady- —state l it t ora l dri ft -

Q , w as  obta m e d  exper iutenta 1 ly fromn pre l i m n i n a r y  c a l i b r a t i o n  over a
s~traight shoreline . The results of these experiments are shown in Figs .
6 and 7. h owever , the shoreline predicted by theory is not expected
to be v a l i d  downdrift of the groin because of the influence of i%ave
diffract ion around the groin ti1). Some sand beg ins to bypass  the groin
by suspension before t = t 1 

(see Fi g. 5). Also , different boundary
condit ions a I )p l y  to di fferent contour lines since the deept-r contour
lines reach the end of the groin before the contour lines which are near
the shoreline , which  implies the one-dimensional theo ry’ is no longer
entirely satisfactory .

S u b s e q u e n tly ,  l e p e t i t  (1972) also conducted l aboratory experi inents
which verify the results of a numerical scheme based on the theory of

Pelnard-Considere . lie used the law , Q= sin ~~~~~~~ . Lepetit ’s ex-
periments were carried out with a very small ang le between wave crest
and shoreline.

1. Refinement and Extensions of the Pelnard-Considere Model.

After Pelnard-Considere ’s contribution , the mathematical formula-
tion of shoreline evolution has proceeded at a slow pace. The first
refinements came in improving the longshore transport rate (littora l
drift ) formula , in particular , modify ing the expression relating sedi-
ment transport to incident wave ang le.

Based on results from laboratory’ experiments performed h~ Sauvage

and Vincent (1954), Larras (1957) introduced the ftunction f ( u )  = s i n  -
~
—-

~ ,

also used by Le Mehaute and Brebncr (1961). N ew theoretical forms of
shoreline evolution are determined as solutions of the diffusion equa-

tion . Introduction of the relationshi p f(a) = sin instead of tan ,

allows obtention of solutions vali d for larger wave ang les.

Of particular interest arc the cases of shoreline undulations , since
a s s u m i n g  linear superposition , a ny  form of shore l Inc  may he approximated
by a Fourier series. Ilie so lui t ion of the diffusion equation is t h e n  of
the form :

22
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V = Rt~
b
~ cos ( x  - ( I s )

w h i c h  indicates t h a t  short- I inc  umuiduila t ions tem uti t u l e c a v  exponent i al lv
ami d d i s a p p e a r  ~ it I t ime . R k f i n e s  tht- bea ch un du l  at  ion amp ! it um dt- a t
t line , t = o . and ~ is related to t hi u~ :i e l  en gt  Ii , I. , of this und ula—
t ion t hroug h t h e  u - e l  i t ionsh i p

= 
(~~~~

-

~ ~~ 
K 

( I ) l

Shoed i n c  eta ) h i t  i on  due to the sudden dumping of m a t e r i a l  at  a gi vt-n
point may he u - e ! 1 e s e u t t e d  by’

- e
v = k  — —  .

Equat  ion (2 0)  g i vt- s t h e  s p r e a d i n g  of t h e  sand a long  t h e  shoreline since

the i nt e g r a t  ion y dx  , w h i c h  expresses the co n s e r ~ u t  ion  f sedi —

men t in the system , is  a c o n s t a m u t  (st-i- Fi g. SI . Ihis solution was also
ment i oneol by Pc ! n ard — Cons  i dere -

It is interest i ng t h a t  much I a t  e u , \od ;i  (personal commun i cat ion
l~)7-1 ) inves ti gated the same prob l em by taking an in itial condition for
sand dump ing.

V = constant when Ix i -~x
y = f(x ,o) =

0 when ixl -x

as shown on Fi g. 9. Using the f u n c t i o n a l relationship flOis ’ commonly
accepted , f l -u) = sin 2ru , Noda found that the soli ut ion to the diffu sion
equation to be:

y = crf 
[ 

~~~ 
] 

- erf • ( 2 1 )

24
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Figure  8. Spreading of sand along a shoreline due to instantaneous
dump ing at a point .

V

V

-x x

Fi gure 9. Sand dump ing along a f in i t e  stretch of beach
( in i t i a l  condition) .
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Even though the ini tial condition is different froni the pr et’io u - - one , t h e
solutions tend to be simi t a t -  as t inc increast-s and a me • i Iii- u t -  t o u t ’  , C t  I i

a p p l i c a b l e  to  the  problem of shoreline sand dumping.

Also of interest is the solution , proposed by Larras (1957), f a
beach equilibrium shape between two headlands or groins described by tho-
equation :

where s is the distance along the shoreline . T h i s  i n d i c a t e - ~ no ~~i r u d
transport along shoreline confi guration and , therefore , yields an
equilibrium to obtain:

ds = 1. cos dci (where I. is a proportionality constant),

which gives

r. lic t 11 . 3a
x = R isin — + —  sin —

L -~ 4 (22)

Ilco 11 3ct
y = -R cos —~~--— + —s- cos

Equation (22) defines a hypocycloida l form as mi ght be found be tween two
headlands (see Fig. 10). R is a parameter which is related to the
r e l a t ive  curva ture  of the shoreline . When R , a stra ight shoreline
solution is obtained.

Another family’ of solutions was given by G r i j m  (1960, 1964). In
these two publications , Grijm used the most commonl y accepted expre ssion
for dependence of longshore t ransport  on angle , f (cu ) = sin 2a , and
app lied the theory to cases where the angle of incidence , a , is not
necessarily small. Subsequently, he established the kind of shoreline
which can exist mathematicall y under steady-state conditions .

Even though the theoretical approach obeys the sane physical assump-
tion as the previous theory (except for the allowable range for the
ang le of incidence), his mathematical formulation is not as simple. The
shoreline is defined with respect to a polar coordinate axis. The con-
tinuity equation is solved in parametric form , which is integrated
either by computer or by graphical methods . Details of Grijm ’s compu-
tations are not available.

26
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Fi gure 10. Equilibrium profile between two headlands .
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The m a i n  inteu-est of tht- re”ort lit-s i n  t h e  i-esult s . Mit -u t  t h e  l o n g —
s h i o m - t - t r a n sp o r t  r a t e  reac }ut -~ a uuuax i uu u u u m v a l ue ( -  = 15 0) , t l i t  shore 1 inc
t e m i d s  to  fo rm a c u sp ;  i .t- . , a cap t  as shown i n  Fi g. 11.

A l s o  of i u i t e r e s t  i s  G r i j m ’ s ( IU - )  ) niathemat ical fornuu lat ion for
diffet-en t forms ot  i i v e i deltas for which he finds two po ssible solu-
t ions  , one wi t It an ang le  of u~ave incidence everywhe- i-e less than 15 ° , and
au m o th er w i t h  t h t -  au t g l e  of in t - i d e nt -e g r e a t e r  t h a n  45 ° . ‘Ih e shot-chin e
cut -va tu r t ’  a I so depends upon t h e  a n g l e  a as showm i on Fi g. 1 1 . The
pr ot lc’ uu i r e m a i n s  i n d i - f i n  i t e  s i n c e  i t  i s  u n k n o w n  wit i clu solution is ta l i d .

‘I ’he formu l a t  iou l  of Gr i  jmn il -es not li-nd convenient l y to n u n u e r i  ca l
adap t at ion .

Bakker’ and Edelmau ’t ( 1964 ) a l s o  s t u d i e d  t h e  form of ri tee deltas , but
i n s t e a d  of u s i n g  f ( c i  = s i n  2 , as Cr 1  i , t h e ~’ used the 1 in c- a u- approx i -
m a t i o n  as g iven bt - P e ln a i - d — C o n s i d e r e ; i . e . ,  f (  x )  k

1 
tau t for

o t a u t  < 1 .23 . l ’hey a l s o  i n v e s t i g a t e d  ti - m e case of l a r g e  ang le  of
approach using the function S

f (~~) = —i--— for  1 .2 3  < taul E <- tan-a

B ak k e r  and E d e l m a n ’ s ( 1 9 6 4 )  so lu t ions  a re s i m i l ar to t h a t  of C r i j m ;
however , they also found a periodic solution as Larras (1957) did:

I -dQ 1 1y = exp —
~~

— ci = cos kx . (2~~)

Equation (23) represents a sinusoidal shoreline for which t h e  amp l i -

t t ude  of the  unduli~t i o n s  decrease- s w i t h  time if is positive (i.e.,

for small ang les of wave incidence ), but  increases when is negative

(i.e., for l a rge  ang le of wav e incidence). ‘Ihe shoreline is t h u s  un-
s t a b l e  and the amp li tude of the und nm lat ions increases, It can be
deduced t h a t  G r i j m ’s solu t ion for large ang les of incidence is not
na tu ral  h y f ound , s i n c e  they are uns ta b l e  and w i l l  he dest  roved as sma l  I
pe r tu rba t i ons  t r igger  large devia t ions .

Bakker (l968a) implies that Gri~ m did not discover this instability
hecause he confi rmed himself to solut i ons growing l i n c a r i l y w i t h  t in
a l l  d i r ec t ion s , while the exp onential solution in t also exists.
K omar  ( l 9’ 3) also app lies a numeri cal scheme based on the Pelnard—
Considcr e approxim at ion to the problem of delta growth. lie found shore-
line shapes dc-nt I ca I to Cr ij m in the case of a small ang le  of approach .

From these investi ga t ions , it i s  remembered t h a t  the Pelnard-
Cons i dere approach is ye ry po w er fu l  t i t  p red i  Ct s h o r e l i n e  e v o lu t  ion under
s m a l l  ang le of i n c i d e n c e .  But under  l a r g e  ang le  of i n c i d e n c e , i u i s t a h i l i -
tv of the short -line makes it very difficult. Furthermore , the

28
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/
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~*. LARGE ANGLE

(unstable)

Figure 11. Two theoretical forms of shore l ine  equi l ib r ium of

river delta s .
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phenomenology of in teraction between wave and shoreline is not accurately
defined mathematically.

2. Example of Shoreline Evolution.

Because of its iunportance , an example application of the theory of
shoreline evolution is presented . h owever , ti-me example is sli ght ly
modified to account for the generally accepted longshore transport ra te
forunula:

Q = ~~~~~P~~~1l~~ C
g

s i n 2ci~ . (21)

where

Q = longshore transport rate cubic feet per second

= wave breaking angle

= breaking wave height

C
g 

= wave group velocity at breaking

k = a constant 6.42 x

pg = specific wei ght of seawater.

For the case of a groin perpendicular to shore , consider the average
beach conditions :

= 5 feet

dh 
= 6.4  feet

a =
0

D = 20 feet

C
g 

= 
~~~~~~ 

= 14.-) feet per second

Thus ,

~~kK = -
~
-
~~ i~g 11j C

g 
cos 2tXh

= 
(6 . 4 2  x l0 )~~~ (64) 5

2 
(14.4) 

= 0 1)1
8 x  20

S u b s t i t u t i ng  into equation (10), yields :
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t
1 

= -— ——---- -—- v -
~~~ 

= 1.3 x l0 ~~ days.
4K tan t0

In tabul ar form for various groin lengths ,

2. ft 50 ZOO 200 50()

t1 
days 3 13 52 325

Check:

For 2. = 50 feet Area Ox~y = 1.56 x Au - eu  oxy

= ~ ~~~ 
2 

= 
0.78 2.2 

= 22 ,400 square feet
2 tanci tanci

0 0

Vo l ume (Area ox~y) (D) = 4.5 x 10~ cubic feet

Q = tan 2co
b = 1 .6  cubic f eet per second

- 54.u x 10 5 -t
1 

= = 2.8 x 10 seconds . days .

III. TILE TWO-LINE TUEORY OF BAKKER

One limitation of the solutions of Pelnard—Considere is the assump-
tion of parallel depth contours . Bakker (1968a) realized that the one-
line theory of Pelnard-Considere and its subsequent development may , at
t imes , lead to some inaccuracy, since beach slope variations along the
shore were not considered. Beach slope variations with respect to time
(summer-winter profiles) are not important in the long-term shoreline
evolution . Nevertheless , if an adequate onshore-offshore profile
response model was available , a suitable mathematical representation of
it could be developed (Dean , 1973; Swart , 1974).

Near coastal structures , the deviations of the model from prototype
conditions can he considerable. Pelnard-Considere finds that the zmccre-
tion and erosion patterns are symmetrical with respect to the groin as
shown on Fi g. 12. h owever , in reality, the updrift profile becomes
steeper than the equilibrium profile and the sand moves seaward . The
downdrift profile is flatter t h a n  the  e q u i l i b r i u m  profile and ti-me sand
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Coastline with Parallel Contour hin.s

Arrows show direction
of movement

More Reasonable Approximation

Fi gure 12 . Differences on shore l ine configuration due to
onshore-offshore transport  near a groin (from
Bakker , 1968b).
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is pushed shoreward by the wat’es . ‘ho reproduce ti-u t- onshore-offshore
movement i n  a mathematical model , it is nec essamy to schematize ti-m e
coast by two or not-c contourS lines instead of one.

Bakker ’s (1968h) two-contour -line model is not easil y ’ app lied to
practical eng ineering prob l ems encountered by desi gners , due to lack of
knowledge about onshore-offshore transport . However , h - m is contribution
toward establishing a realistic mathematical model of shoreline evolu-
tion is of - uffici ent importance to deserve detailed review .

Bakker (l968b) assumes that the profile is divided into two parts
(Fig. 13). The upper pa~t~ extending to a depth , 1)1 , are affected by

the groin , the part below D1 extends offshore to a depth of 1)1 +

which is the assumed practical seaward limit of material movement.

The “equilibrium distance”, w , is defined by a distance (y - y
1

j

corresponding to an equilibrium profile under norma l conditions; i.e.,
far away from the groins . -

The onshore-offshore transport is defined by:

= 
~y 

(y
1 

- y + w) , (25)

where q is a proportionality constant (dimension LT 1
). When

(y
1 

- y + w ) is positive , the transport is seaward ; when negat ive , it

is shoreward . 
~y 

has been found by Bakker for a part of the Dutch
coast equal to 1 to 10 meters per year for a depth D1 

= 3 meters.
Letting y2 = y ~~- w  , then ,Q y = q y

(y j
_ y

2)

Now , following Pelnard-Considere ; i.e., developing the expression
for the longshore transport rate Q in a Taylor series in terms of a

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
+ . . .  (2~~) —

which gives in linear approximations:

_ _ r ~
g

- 

~x I L i

I.. ~~~~~~~~~~~ J
0
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Fi gure 13. Notatio n for the two-l ine theo ry .
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Defining

= 

~ I ~~ = 
~~ 0 

(28)

then ,

Q = Q 0 - q ~~~

This equation is now applied to both lines , y 1
(x) and y2 (x):

By 1
1 

- ol 
- q1 Bx

By
— - . (30)

The equation of continuity,

+ D 
By 

= 
(31)

Bx Bt

is m o d i f i e d  by the  term Q due to onshore-offshore transport so that

BQ 1 By 1
- —  - = D

1 Bt -

BQ2 
By2

_ -

~~

——- + Q  = D
2 -~~-— (33)

Substituting equations (1), (2), and (3) for Q1, Q2 , Q gives :

By 1
q1 ‘

~~ 

- q
~ ~~~~~~ 

- >‘2 ) = D1 
-~~-~~-— (~4)
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I,>,
,

- 
~y ( } , Y 1

) = I ) ,~~ -~--- . (- )

Adding  both  eq u a t i o n s  y i e l d s :

+ 

D~ h~~ (
~ 

- 
~~~ Y J~~~~Y 7 )  

= (36)

in which

= 

~~ 

and y = ~~ (D
1
y
1 

+ D
2y,) 

. (37)

q2For simplicity, Bakker (l968b) assumes = u— which implies that
1 2

derivatives of the littora l drift transport with respect to

= 

are proportional to depth D . Then , dividing

equation (6) by D1 and D
2 respectively, and subtracting, yield

B
2

(y~~ ) ci D B (y~)
- ij-

~
-jj -— (y~~ ) = 

Bt (38)
1 2

where y
~ 

= y
1 

- y , , which is ti-m e equation for the offshore-oui :hore

transPort 
~y)’* . It is interesting that the offshore-onshore transport

is independent of the longshore transport .

Using the auxiliary variable ,

ye = Y+ exp 

(~~~~ 2 ~) ‘
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the diffusion equa t ion is st i l l o b t a i n e d :

Y y Sy 1 -lu)
~I ____~ _ =

— 1) 2
Bx

Bakke r  has a p p l i e d  h i s  theory  to a number  of i d e a l i z e d  c a s t s , in-
cluding the behavior of a sand beach near a groin , assuming

=
— 

. 
( 4 1 )

~
l l = ~I 7

The boundary conditions are :

a. Initial condition ( t  = 0): y1 = y2 
= o for o<x<~ and t = o

b. Then , when t>o :

(l) y
1 

= y , = o for x-~ and o<t~~ (which implies an equilibri-
um Profile)

( 2 )  y 2  = o for x o

- B y Qoi
(~~~) I = tanco for x = o

Bx q 1

The results are expressed in terms of lengthy power series , and are
represented graphically in Fi g. 14.

The case of equilibrium beach profiles between groins was also
investi gated by Bakker (1970).

Desp ite the complex refinement of the two-line theory , as initially
developed by Bakker , a number of phenomena that have significant iui-
f l uence  on the beach profile are still neg lected. Among these at-c :

a. ‘l’he influence of rip current near the groins is twofold: ri p
currents transport material from beach to the offshore and cause wave
refraction .
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Figure 14. Evo lution of shorel ine and offshore
beach limit near a groin
(front Bakker , 1968b).
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h . The i n f l u en c e  of d i  t fr a ct  ion on t h e  I c a i s i rd s i  dc o1 g u i  ns w h i  i cl i
has an effect i n  t h e  i iuuuu ut- d i a t e  v i  c i  n i t  v o f t h e -  shioi-e l l u t e  -

flit ’ e f f e c t  of ch a n g i n~ wav e  d i  u- c-ct i ouu caused by u - c - t r a c t  i on c it anges
the m agu t  it t ide of  1 ongshore t ranspo u-t u - a t  i - a u u d  t h e  ho tunc i a  u - v couud it ions

d.  he non lin e- a u— i t v  in  t h~- t r~lnsport c i f u a t  ion  is of u uui uor I u i  I t  a l ice
toy suuu a 11 ang les  of in c  i deut ce  ( fo r  ~~

‘ ‘ L ° , the C )~ i i I i ru e bc-comes
u n s t a b l e  as p rey  ious l y n ient i out ed

The t w o - l i n e  theory has been ver i f ied exper imen ta l ly  (I l ulsbergen ,
Van Bochove , and Bakker , 1976), and shows a trend identical to the cx-
i l e r i u l l e r i t , a l r e s u l t s .  ( l i t - u- c are some d i  f fc i -ence s  at a s uuu Lu l 1 sea  Ic duit - t o
secondary cut-rents , b r e a k i n g  w ave  type , changes  of w~ci’c’ hie i ght  due t o
small changes iii unorp ho Logy , etc . ‘t hese , ho~ t’vc’r ,!~rc sliou- t — t e ’  run
rather th an  1 o n g — t e r u n  e v o l u t i on p iienontemi

IV . ‘ i i  ii~ i~ F j s~~~’-~ OF: l~.-\VF DI F F R \ C ’ i  i ON

‘t he effect of wave diffract ion w a s  su b seq tu en t  lv  taken into account
by Bakker (1970). initiall y , ti -m is was clone fot - t h e  one— I i n c  t h c ’ o r y  of
PcI nau -d— Cons idere and later fot- B a k k e r ’ s t w o — l i  rue theory

Pci  n a r d — C o u i s  i dei-e ‘ s eqeuat  ions

BQ
Q = Q (x) - tl)x) —

~
-
~~

- i (x ) = 

~~~~~

— 

= 

(42)

and

= - 
q ( x )  ~Q (x)

ft D

st I l ’l a p p l y - . Q and 
~i 

are now funct iou -ms of x , since both th e-
incident wa ve  h e i g ht  and ang le of appi-oaeh vat-v a long the shore  ivi t h
x , because of wave diffraction .

Inser ting the expression for Q in ti -me continuit y eqtua t ion , y ields:

i~~~~~ =~~~~~ (
~~

+
~~

) -

~~~~~~~~~~~~~~~~~~ 

. ( 4 4 )
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it is assumed t h a t  t i -me longshto re t rans port  rate , Q , i s  prop ~~rt iona l

to the ang le of wave incidence , 
~x 

— and t h e  ~qu art- of t h e  rc- I a —

t ive wa ve hei ght. The v a t - i a t  iou - u  of wave hei ght t-, i t h  x i s  g i v e n  b y t l i t -

di ffu-act ion theory of  Putnam and Arthur 119-18 ) . The modi fi cat ion of
wave d i f f r a c t ion  by wac-e refract ion is neg lected.

\ simila r - app i- oach ’u has been proposed by Price , TomI i nson , and W I  lii s
— r

19’”2 I , who ass iuni c t h a t  Q = — — ~~~~
- F sin 2a , wi ere F is the trans—

m itted energy which is also a function of x as is a (and is the

submerged density of the beach material). Price , To~nlinson , and W i l l i s
t hen  oh) t a i n  thie one— line theory equation :

0.35 - dE da Bysin 2cx — + 2E cos 2a — + 0 — = 0 (45)dx dx

which is solved numericall y with

ci = ci - tan
1 

‘~~~~~ 
-

x Bx

l a bo ra to ry  e x p er lu u t e n t s  were  performed w i t h  c rushed coal  b y P r i c e ,
‘i’omlinson , and Willis (1972). The theory giving ti’ue effect of w ave
diffract ion was verified by the expet- i ments at the  b e g i n n i n g  of ti-me
test. After a 3-hour test w h i c h  nay correspond to a prototy~)e storm
d u r a t i o n , it is stated t h a t  the  wave r e f r a c t i o n  pattern invalidates the
i n p u t  wave da ta and a complex boundary condition developed at  t h e  up—
d r i f t  end of the  wave b a s i n .

Bakker ’ s (1970) consideration of wave diffraction has been included
in h i s  t w o - l i n e  theory where ,

By 1

~ 1 = R 1  - q 1~~~~ 
(47)

= - q2 ~~~ 
(48)

Nt-ither the deepwater line , defined by y,(x ,t), nor j, auid Q~~~~~ 
, i s

a f f ec ted h y diffraction . Fi g. 15 presents typ ical results obtained from
t i - m i s  t h e o r y  for  t he  case of beach e v o l u t i o n  near  a g r o i n  and be tween  two
g r o i n s .
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Wave incidence

1 61u
8 ~ t
4~~t Offshore Contours

16t~t
8L~t
4~

1

~~~~~~~~~~~~~~~~~~~~~~~~~~~ Sho~~~~~e Cori~~~~~~~~~r ne Contours

Accretion and erosion near a groin , numerical solution
with diffraction (two-lin e theory)

Wave incidence

/~~~~~~~~~
____  

4~

16~~t 

Offs hore Contours

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Contours

Behavior of beach and inshore between two groins
(two-line theory)

Fi gure 15. Effect of wav e di f f rac t ion
( f r om Bakker , 1970).
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V . SI’ I R A t ,  h~L\( :l u . s

hhook l i kt - beat-lies (hig. lb ) :ui-e L ’ O i i I I I I O l i  a l o n e , c’ x t ) OSe- i~i c o a s t S  and  :uu - c -
formed h)V t he long— tc- ruut couuub i ned e t f e c t  s of rt f r - a c t  i on  ; u u i d  d i  f lu -act  ion
around  h e a d l a n d s . \‘asso ( 1 9 6 5)  di scove  rc-d t h a t  t h e  p l a n  i m e t r i c  shape  of
many of these beaches could i)e fitted v e r y  c l o s e  ly  by a segment of l o g —
ar i t h u u u i c  Si) i-a l ; the cli stance , r , fi-outi the beat-h to t he cc ’ri t  c r  of t he
~pi i-al incre asing w ith the angle 0 according to

r = r0 exp cot (-19)

in  w h i c h  ~ is the spira l ang le.

Bremmer ( 197 1) )  has shown the logarithmic spiral to g i vv  an excel lent
fit for ti-m e profile of a recessed beach h)etween two headlan ds.

‘i’he evo lu t i on of sp i r a l  beaches  b e l o n g s  to the  geograp h i c a l  t m e -
scale domain (Sv lvester and Ito , 1972) . ( h o w e v e r , s int i 1 ar  evo I cit ion  has
also been observed over sma l icr time sea l  vs i n  consonance with - u the
d e f i n i t i o n  of l o t - m g — t e r n  shorcl  in c  c v o l u t  ion  adopted i n  t i t i s s tud) ’ .

So fa r , o n l y  e m p i r i c a l  r a t h e r  t h a n  t heo re t  i c a l  n u a t h i e m a t  I c a l  u - c p u - c—
s e n t a t i o n s  of s p i r a l beaches  are a v a i l a b l e .  The c-mi) i - i c a l  app roach  has
been f r u i t f u l in p r o v i d i n g  the  sp i ra l c o e f f i c  i cu l t s  ~

- as f i u n c t  ion  of
wave ang le , ci , w i t h  the head land  a l l  nem eu t  ( I ~ i g - 16 1 Sy I vc ’st e r  and
Ho , 1 9 72 )  - ‘i’he ‘ ‘ i n d e n t a t i o n  r a t i o ’’ ( d e p t h  of t h e  ha to  is d t h  of open-
in g )  a l so  depends upon a and , in most cases , v a r i e s  b e t w e e n  U .S  and
0 .5  ( F i g .  1 7 ) .

There have been many a t t e m p t s  to  e x p l a i n  t h i s  pecu l  j a r -  b each  for u u ta—
t i o n  (Leblond , 1972; Rea and Komar , 1975) .  Leb lond assumed t h a t  the
ra t e  of s ed imen t  t r a n s p o r t  i s  propo r -t  i on a l  to  ti -me l o n g s h o t - c  c u r - u - c u t s  is
g iven  by the  theo ry of L o n g u c t - h h i gg in s  ( 1 9 7 5 ) .  lie a l s o  as sumed  t h at  t h e
beach p r o f i l e  is not mod i f i ed  b y e ros ion  ou - a c c r e t i o n  so t h a t  t h e  con-
t i n u u i t y  e q u a t i o n  from the  o r - m e - l i n e  t heo ry  can be used in  a t w o - d i m e n -
sional coordinate system.

‘l’hus , the variation in longshorc current intenSit~’ w i t h  wave  ang le
w i l l  > - i e l d  the  rate  of erosion or a c c r e t i o n .

Difficulties arise in expressing this variation of longshore current
in areas subjected to wave diffraction . Leblond ( 1 9 7 2 )  p o i n t s  out t h a t
classical wave diffraction theories are too complic ated to be used i n
his theoretical scheme . Another difficult y ’ arises froun tile fact that
the barrier (headland) is not thin as it is assumed in  t h e  t h i eou -y  of
diffrac tion of Putnam and Arthur (1948). l’o account for this effect .
Leblond in t roduces  an emp irical correc tion coefficient to the theory -

of P u t n a m  and Arthur over a two-dimensional network . The results of
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Figure 17. Indentation ratio for a range of wave
obliqui ty ( from Sylves ter and Ho , 1972).
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such a complex scheme , which  is plagued wi th  numerical  i n s t a b i l i t i e s ,
are shown in Fi g. 18. liven thoug h the resul ts  show how obl i que waves
initiate an erosion pattern that mi ght eventuall y lead to the format ion
of hooklike beaches , they do not show that the beaches represent a good
fit to segments of a logarithmic sp iral.

Rca and Komar (1975) developed an approach to overcome the numeri-
cal instability encountered b y Leblond. They combined two orthogonal ,
one-dimensional arrays as shown on Fi g. 19. In this way , defo rmation of
the beach can proceed in two d i rec t ions  wi thout  the necessity of a two-
dimensional array . The wave confi gurat ion in the shadow zone was
described by various simple empir ical  funct ions  which resul ted  in beach
confi gurations f a i r l y  approximated by a logari thmic, spir a l .

The main interest  in the work of Rea and Komar (1975) is that they show
the lack of s e n s i t i v i t y  of the  shore l ine  evolut ion  in the shadow zone to
the actual pat tern  of incident  waves used. Also , t h e sen s i t iv it y of the
beach shape to thc. c nergy d is t r ibut ion  seems to be s m a l l .

VI . PROTO TYPE APPLICATIONS

The a p p l i c a t i o n  of mathemat ica l  models of shorel ine evolu t ion  to pro-
totype conditions is not very wel l  documented in the l i tera ture . It is
certain that , at least in its s impl i f ied  form such as g iven b y Pel nard-
Considere , the method has been used by prac t ic ing  eng ineers and designers.
It has been reported in unpubl ished report s but very l i t t l e  has appeared
in the open l i t e ra ture .

Wegge l (1976) has formulated a numerical approach tb coastal process-
es which is par t i cu la r ly  adapted to prototype si tuations . In part icular ,
it includes :

a. A method for determining the water depth beyond which the onshore-
offshore sediment transport is negl i gible.  This info rmation is particu-
la r ly  usefu l in determining the quanti ty 0 used in Pe lnard—Considere ’ s
theory and others . It is also usefu l in determining the effect  of a
change of sea l eve l .  Beach prof i le  data are plot ted on semilog paper
and the base elevation of the most seaward point varied un t i l  an approxi-
mate straight line is obtained (see Fig. 20). He found 0 = 70 feet at
Pt . Mug u , California.

b. The effect  of a change in sea level , a s i tua t ion  per t inent  to the
Great Lakes , is also taken into account in a way proposed by Bru un
( 1962) . Using the princi ple of s i m i l a r i t y  of shorel ine profi le , the
shoreline recession ty  is related to the change of water level a by
the rel at ionshi p (Fi g. 21):

ab 50E~y ~ + d)
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Figure 18 . Orthogonal arrays for numerical scheme of hook ed bay
(from Leblond , 1972).
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Figure 19. Orthogonal arrays for numerical scheme of hooked bay
(from Rea and Komar , 1975).
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c. A numerical scheme in which the effect of wave d i f f r a c t i o n  could be
included .

d. A s t a t i s t i c a l  c h a r a c t e r i z a t i o n  of wave c l i m a t e  and longshore energy
f l u x .

Examples of recent p ro to type  ana lys i s  and predic t ion of s h o r e l i n e
evo l u t i o n b y m a t h e m a t i c a l  mode l ing  are Apa lachicola  Bay by M i l l e r  (1975 )
and the Oregon coastline by Komar , Lizarraga-Arciniega , and Terich (1976).
Both studies are based on numerical schemes related to the Pelmard-
Considere (one-line) formulatio n .

V II . CONCLUSIONS 
-

There are two methods of approach to the prob lems related to littora l
processes. The f i r s t  one , typ i f i e d  by the previousl y d i scussed re por ts ,
con si st s of an a l y z i n g g lobal  e f fects . The method e s s e n t i a l l y based on
establishing “coastal constants” for a model by correlation between
long-term evolution and wave statistics and subsequently, to use the
model for predicting future effects. It appears that this method is the
most promising for eng ineering purposes and could he termed the macro-
scopic view . The main results are summarized in Table 2 .

The second approach , the microsco pic view of the problem , consists
in analyzing sediment transport , step-by-step, on a rationa l Newtonian
approach , starting with wave mot ion , threshold velocit y’ for sand trans-
port , equilibrium profiles of beaches , etc., until the individual com-
ponents can be combined into an overall model to predict shoreline
evolution. The second method or scien~ ific approach has not progressed
to the point  where it can be appl ied to eng inee r ing  probl ems in the
fo reseeable  fut ire .

How ev er , much pr og ress has be en made i n t h e l a s t  5 y ea r s toward
understanding the h ydrodynamics of the surf zone throug h application of
the “ r a d i a t i o n - s t r e s s ” concept . In theory , estab l i sh ing  a r e l i a b l e
m a t h e m a t i c a l  model of surf zone c i r c u l a t i o n  should permit  a determina-
t ion of t he  r e s u l t i n g  sediment t ransport . P r a c t i c a l l~’ , however , inter-
action between a movable bed and the surf zone circulation , and the
i nh ere n t i n s t a b i l i t y  of lo ngs h ore cu rr en ts l i mi t t h i s  appr oac h to t h e
rea lm of research .  Amcig the problems tha t  make t h i s  approach d i f f i c u l t
are the r e f r a c t i o n  and d i f f r a c t i o n  of water waves , u n c e r t a i n t y  in pre-
dicting rip current spacing, and the effect of free turbulence generated
by break ing  waves on the rate of sediment suspension.

Finall y, the c o m p l e x i t y  of mathematica l formulation , based on the
r a d i a t i o n - s t r e s s  concept , makes it  d i f f i c u l t  to use as a p r e d i c t i v e  tool
when d e a l i n g  w i t h  fo rc ing  func t ions  expressed b y s tat i s t i c a l  n tu l t i -
d i r e c t i o n a l sea spectra . This  method is p r o m i s i n g  in e x p l a i n i n g  local
ef fec t s  ( e . g . ,  near g r o i n s ) ,  r h y t h m i c  topograp hy - , beach cu sp s . and short-
term e v o l u t i o n  due to u n i d i r e c t i o n a l  sea s t a tes . All these e f f e c t s  are
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superimposed on the long—term evolut ion for which an a n a l y s i s  ca it he
done ind ependent 1 y .

Amomg the si gn i f i c a n t  recent r eport s l e a d i n g  to t ~.ird und ers t a n d i n g  I I I
surf :one c i r c u lat  ion and r e l a t ed bo tt om topograp h y .l r. :  Bowen and
I nman ( 1969) who advocate t I R ’  presence of edge ~;i ’~’ ,’s as a e ; it i si-  ot r i p
currents and beach cusps;  l i m o (197 . ) ) who states that r i p  c u r r en t s  a re
the resu l t  of inohi 1 i t v  of the sand bed and h y d r o d yn am i  c in ‘ t - i h  i lit v
Sonu ~1972 )  and Noda ( 1 9 T ~~) demonstrated that a perturbation on b ottom
topography causing waves to refract and h av e  vu i-y ing i 1 I t L ’ ) 1 ” ~ it y -i l on g  the
shore induces a vzu- iat ion in radiat tOn st ress whi ch  5 in  t u r n  enhances ri p
currents; final 1~ - , L i u  and Mc i ( 19 7 6 )  app l i e d  the radiation-stress
concept to a groin perpendicular to shore and to an offshore hrcaktsatcr .

These invest i gat ions offer at least part jul ut~s~,ei5 to  a OLlml)er ot
important prob lems , impor tant  in u n d e r s t a n d i n g  s h o r e l i n e  processes.  I t
de f i n i t e l y i nd ica tes  tha t  the r a d i a t i o n - s t r e s s  app roach h o l d s  t h e  poten-
t i a l  key to under s t and ing  many types of ne ai -shor e  current s , here to fo re

unexp lored. I t  is also evident that the study of surf zone hydrodynamics
will rap idl y reach a plateau if s a n d — w a t e r  i n t e r a c t i o n  pr oblems are not
mastered , and at this stage , these can only he considered emp iricall y.
Determinism leaves off with the inception of turbulenc e.

liven though the dynamics of nearshore cuz-rents hold the k ey  to
understanding of beach processes , application of t h e  m ethodology based
on radiation stress to investi gate shoreline evolution mat hem ati L -~ll l y is
still beyond the state-of-the-ai-t .

Both approaches could be pursued in para lie! and I I~. r e — u  i t s  of t h e
scientific approach could slow l y he i n co r po ra ted  i n t o  a p r c t i c u l
eng ineer ing  model .

Conc l usions based on the l i t e ra tu re  survey , as summiarized in
Table 2, are :

a. There is s u f f i c i e n t  l a b o r a t o ry  ~‘ e r i f i c a t i . ) n  t o  g i \ e  cred i t) i 1 i t y  t ,
a m a t h e m a t i c a l  approach to  t i e  s t udy  of shore l i n e  cvi )  1 ut  i on  f~~r s m a l l
ang les of wave approach.

h .  For large angles  of inc idence , t here is a l e s ser  chance i t  a r r i v i n g
at a successful  f o r m u l a t i o n  s ince  shore) incs are t h e n  uns i  h Ic  and t h e
r e s u l t i n g  s h o r e l i n e  e v o l u t i o n  could not be p red i c t ed  w i t h o u t  ~~~ ‘ -

initiation of more basic research beyond the present state ‘t kn ow l e d ge.

c. liven though no field measurements subsequent to mnath emat ica l pre-
dictions have been found in the literature , many practici n g engineers
have applied the  t heo ry  of P e lna rd -Cons ide re  (19 5(S ) to p r e d i c t  shore
ev o l u t i o n  by t a k i n g  i n t o  account  v a r i a b l e  wave ci i n l a te .  The method i s
easy to appl y a nd p rov ides  v a l u a b l e  i n f o r m a t i o n .
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d. Eng in e e r i n g  app l ic at  io ns to pro to type  eases based on more sOp h i st i —

cated approaches such as g iven  b y the two-I  inc  theory of Bakk er  ( l965h
are not kno 5~n .  ‘i ’hesc more soph i s t i c a t e d  approaches can he c u r r e n t ) > ’
considered as b e l o n g i n g  to the  r e a l m  of research rather  t h a n  of eng ineer-
ing  Pr~)c t i c e .

e. - Local eff ects , d i f f r a c t i o n , r ip  currents , wave r e f r a c t i o n  and in t e r -
act ion betw eeni  these e f fec t s  are , at present , s t i l l  not so c o n v e n i e n t l y
f orm u l a t e d  to be u sed by p r a c t i c i n g  engineers . I n t r o d u c t i o n  of these
e f f ec t s .  if and when impor tant  in the  m a t h e m a t i c a l  f o r m u l a t i o n , is
f e a s i b l e  but w i l l  require f u r t h e r  i n v e s t i g a t i o n .

f .  A s imple  numer ica l  scheme that can be used b y des i gn engineers  and
p lanne r s  and w h i c h  includes  t h e o r e t i c a l  or emp ir i c a l l y a l l  impor tan t
e f f e c t s  could  be de veloped . E f f e c t s  t h a t  should  he i n c l u d e d  in  the
m a t h e m a t i c a l  model are wave d i f f r a c t i o n , loss of sand by ri p currents
along groins , sea ( l a k e ) level variation , and beach slope variation
near g r o i n s .

g. The i n t r o d u c t i o n  of the  concept of r a d i a t i o n  stress in the math e-
matjcal formulation is not recommended at t h i s  t ime , but research
r e l a ted to this approach should be Pursued in view of the e v e n t u a l
input t ha t  subsequent r e s u l t s  cou ld  have on then e x i s t i n g  o p e r a t i o n a l
mat h e m a t i c a l  mode l s .
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